We extend the recent computation of the tachyon potential by Berkovits, Sen and Zwiebach by including level two fields and keeping up to level four terms in the action. We find 90.5% of the expected result.
Introduction BPS D-brane
In [9, 10, 7] , a string field configuration in the GSO(+) NS sector corresponds to a Grassmann even open string vertex operator Φ of ghost and picture number 0 [11] in the combined conformal field theory of a c = 15 superconformal matter system, and the b, c, β, γ ghost system with c = −15. Here, b, c are the reparameterization ghosts and β, γ are their superconformal partners. The β, γ ghost system can be bosonized and can be replaced by ghost fields ξ, η, φ, related to β, γ through the relations
The ghost number (n g ) and picture number (n p ) assignments and the conformal weights (h) are as follows [8] :
b : n g = −1, n p = 0, h = 2 c : n g = 1, n p = 0, h = −1 , e qφ : n g = 0, n p = q, h = −(q + q 2 2 ) , ξ : n g = −1, n p = 1, h = 0, η : n g = 1, n p = −1, h = 1 .
The SL(2,R) invariant vacuum has zero ghost and picture number.
We shall denote by i A i the correlation function of a set of vertex operators in the combined matter-ghost conformal field theory on the unit disk with open string vertex operators inserted on the boundary of the disk, without including trace over CP factors. These correlation functions are to be computed with the normalization ξ(z)c∂c∂ 2 c(w)e −2φ(y) = 2 .
The BRST operator is given by
where Q 0 = = dzc(T m + T ξη + T φ ) + c∂cb,
Here T ξη = ∂ξ η,
T m is the matter stress tensor and G m is the matter superconformal generator. G m is a dimension 3/2 primary field and satisfies:
.
The normalization of φ, ξ, η, b and c are as follows:
We denote by η 0 = dzη(z) the zero mode of the field η acting on the Hilbert space of matter ghost CFT.
The string field theory action is given by [7] 
This action is defined by expanding all exponentials in a formal Taylor series. A 1 , . . . A n is defined as:
Here, f • A for any function f (z), denotes the conformal transform of A by f , and
In particular if ϕ denotes a primary field of weight h, then
Since we have, in general, non-integer weight vertex operators, we should be more careful in defining f • A for such vertex operators. Noting that
we adopt the following definition of f
We also recall identities [8] which will be used in the calculation later:
Q B (...) = η 0 (...) = 0.
Note that in the identities of the second line there are no minus signs necessary as Q B or η 0 go through the string field because the string field is Grassmann even (since we are in the GSO(+) sector only).
Non-BPS D-brane
The algebraic structure described in the previous section works for the GSO(+) (Grassman even) sector living on a BPS D-brane. However, on a non-BPS D-brane, the open string states live in both the GSO(−) and GSO(+) sector. The GSO(−) states are Grassman odd and to incorporate them in the algebraic structure of the previous section, internal 2 × 2 Chan Paton matrices were introduced in [8] . These are added both to the vertex operators and Q B and η 0 as described in detail below.
The 2 × 2 identity matrix I is attached on the usual GSO(+) sector and the Pauli matrix σ 1 to the GSO(−) sector. The complete string field is thus written as
where the subscripts denote the (−) F eigenvalue of the vertex operator. In addition, Q B and η 0 are tensored with σ 3 :
We define
where the trace is over the internal Chan Paton matrices. As in [8] , fields or operators with internal CP matrices included are denoted by symbols with a hat on them, and fields or operators without internal CP matrices included are denoted by symbols without a hat.
In addition, we have the analogs of (7) holding:
The reason no extra signs appear in the middle equation is that when the string field is Grassmann odd the sign arising by moving Q B across the vertex operator is canceled by having to move σ 3 across σ 1 .
Given that the relations satisfied by the hatted objects are the same as those of the unhatted ones, the string field action for the non-BPS D-brane takes the same structural form as that in (3) and is given by [7] :
Here the overall normalization is divided by a factor of two in order to compensate for the trace operation on the internal matrices.
Tachyon Potential and Level Approximation
To study the phenomenon of tachyon condensation on the non-BPS D-brane, we will restrict our string field to be in H 1 [8, 12] , the subset of vertex operators of ghost and picture number zero, created from the matter stress tensor (T m (z)), its superconformal partner (G m (z)) and the ghost fields b, c, ξ, η, φ. The level of a string field component multiplying a vertex operator of conformal weight h is defined to be (h+ 1 2 ), so that the tachyon field multiplying the vertex operator ξce −φ ⊗ σ 1 , has level zero. The level of a given term in the string field action is defined to be the sum of the levels of the individual fields appearing in that term, and define a level 2n approximation to the action to be the one obtained by including fields up to level n and terms in the action up to level 2n. Thus for example, a level 4 approximation to the action will involve string field components up to level 2. This is the approximation we shall be using to compute the action.
The string field action has a gauge invariance which can be used to choose a gauge in which
which is valid at least at the linearized level. All relevant states in the "small" Hilbert space can be obtained by acting with ghost number zero combinations of oscillators {b, c, β, γ, L m , G m } on | Ω . The b 0 Φ = 0 gauge condition allows us to ignore states with a c 0 oscillator in them. The states one finds up to L 0 eigenvalue 3 2 are given in Table 1 . For ease of notation we have not included the CP factor. The string field Φ which uses the "large" Hilbert space, is obtained by acting the states of the table with ξ 0 = dz
As shown in [8] , the string field theory action, restricted to H 1 has a Z 2 twist symmetry under which string field components associated with a vertex operator of dimension h carry charge (−1) h+1 for even 2h, and (−1)
for odd 2h. Thus it is possible to consistently restrict the string field Φ to be twist even.
States and Vertex Operators
The states that appear in the string field up to level two are
where |Ω is the tachyon state. The contribution to the tachyon potential of the tachyon and the three level 3 2 states was calculated in [8] . We are interested in the contribution of level two states to the tachyon potential. The vertex operators corresponding to these level two states are linear combination of the following five vertex operators
We can pass to the string field Φ by acting the above vertex operators with ξ 0 . Denoting the tachyon vertex operator by T , the three vertex operators at level 3 2 by A, E and F and the five vertex operators at level 2 by V α (α = 1 . . . 5)
Therefore, the general twist even string field up to level 3 2 , satisfying the gauge condition (11), has the following form:
Expansion of the String Field Action
We shall now substitute (12) into the action (10) and keep terms to all orders in t, but only up to quadratic order in a, e, f and v α . Although the string field action contains vertices up to arbitrarily high order, at a given level, the action has a finite number of terms (as shown in [8] ). The string field action, for Φ restricted to H 1 and twist even fields is given by [8]
Calculation of the Tachyon Potential
The calculation of the tachyon potential is simple but tedious. Using the expansion of Φ to level 4 fields (12) in the string field action (13), we collect various terms in the fields t, a, e, f and v α . The coefficient of each term is a sum of "big" correlators . . . . We can then use the definition of . . . 1 in (4), and trace over the σ matrices to express each "big" correlator in terms of ordinary correlators in the matter ghost CFT. These can then be calculated using the normalization in (1). We will give a simple example at each level of the action to illustrate the procedure and give some useful tricks which simplify the calculation.
Level 2 terms
The only non zero level 2 terms in the action involving v α 's are of the form t 3 v α 2 . The relevant term in the string field action which gives rise to this term is
We can write Φ = Φ + ⊗ I + Φ − ⊗ σ 1 , Q B = Q B ⊗ σ 3 and η 0 = η 0 ⊗ σ 3 . Tracing over the σ matrices, we obtain
where . . . represents other terms in S quartic which are irrelevant for the calculation of the coefficient of t 3 v α (they are also irrelevant for t 2 v α v β which are level 4 terms). Here
Substituting (15) in (14) and collecting the t 3 v α terms together, we find
To calculate the t 3 v α term, we only need to calculate one correlator at general points: (Q 2 T ) T V α (η 0 T ) . All other correlators which appear in (16) can be related to this one by using Q B (. . .) = 0 and η 0 (. . .) = 0 as we now show. We define
1 We will need to conformal and BRST transformation properties of the various operators appearing inside · · · . These are given in the appendix.
2 tv α terms are also level 2 but the coefficients of these terms vanish. 3 We will drop the n index from f 
Similarly, using Q 2 (V α T T (η 0 T )) = 0 we obtain
Hence we can write (16) in terms of X(I, J, K, L) 5 :
We will give some explicit results to calculate X(I, J, K, L) for the case t 3 v 2 . The various CFT correlators appearing in (17) for α = 2 are:
Here w IJ = w I − w J etc. Using these expressions in (17) and substituting in (18), we find
At level 4, the non-zero terms are of the form v α v β and t 2 v α v β . As an example, we will discuss the v 4 v 5 term. 4 We have used η 0 Q 2 T = −Q 2 η 0 T = 0. 5 S t 3 vα is the coefficient of the t 3 v α term in the action.
P I Vα and R
I
Vα are defined in the appendix 7 . Here, we have used φ momentum conservation to replace Q B by Q 0 since this is the only part of Q B which contributes in the correlators.
(w I − w J ).
Setting w 1 = 1 and w 2 = −1, we find
At this level we have terms of the form tav α , tev α , tf v α and t 3 e v α . The coefficients of the terms of the form t 3 a v α and t 3 f v α vanish because of φ momentum conservation. Here we will explain the calculation of the coefficient of the cubic term tav 1 . The relevant term in the string field action which gives rise to cubic terms is
In terms of GSO(+) (Φ + ) and GSO(−) (Φ − ) terms in the string field action, the cubic part of the action after tracing over the σ matrices becomes
where (· · ·) represent terms which are not relevant for the calculation of the coefficient of tav 1 . The expansion of Φ + and Φ − relevant here is
Substituting the above expansion in (21) we obtain,
To calculate the coefficient of tav 1 term we actually only need to calculate one correlator. This is partly due to the fact that in the correlators given above involving V 1 we can replace V 1 by a multiple of T .
where in the second line we have used the fact that since neither A nor T have fields from the matter sector therefore the term with V 1 in the correlator vanishes. Similarly
where the factor R K comes from the conformal transformation of V 1 and (f ′ K ) 2 is needed to compensate for the difference in the conformal dimensions of T and V 1 . Using the fact that Q 2 η 0 (T ) = Q 2 η 0 (V 1 ) = 0 and Q B acts like a derivation it follows that,
8 In this subsection we will suppress some of the indices on R I,3
V1 ≡ R I . Thus using the properties of Q B and η 0 we have reduced the calculation to one correlator
Tachyon Potential
We now give the result of our calculation 9 . The expected answer for the value of the potential at the minimum is −M. Thus we see that the level four approximation produces 90.5% of the expected value. We can integrate out the fields a, e, f, and v α to obtain an effective potential for the tachyon which is given by {z, f } − 
